Modeling Biological Tissues
In this paper we consider the numerical simulation of biological tissues, that can be described by the stationary equilibrium equations div σ(u, x) + f (x) = 0 for x ∈ Ω ⊂ R 3 ,
to find a displacement field u where we have to incorporate boundary conditions to describe the displacements or the boundary stresses on Γ = ∂Ω.
In the case of biological tissues the material is assumed to be hyperelastic, i.e. we have to incorporate large deformations and a non-linear stress-strain relation. For the derivation of the constitutive equation we introduce the strain energy function Ψ (F) which represents the elastic stored energy per unit reference volume. From this we obtain the constitutive equation as in [1] 
where J = det F is the Jacobian of the deformation gradient F = ∇ x ϕ(x), and C = F ⊤ F is the right Cauchy-Green tensor. In what follows we make use of the Rivlin-Ericksen representation theorem to find a representation of the strain energy function Ψ in terms of the principal invariants of C = F ⊤ F.
Arteries are composed of three layers: the intima, the media, and the adventitia. In the case of a healthy young artery, the innermost layer, the intima, is not of mechanical interest. Each of the other layers is modeled with a separate strain-energy function. We assume that the media as well as the adventitia respond with similar mechanical characteristics and therefore we use the same form of the related strain-energy functions Ψ . To capture the specifics of each layer, a different set of material parameters is used. Each layer of the artery is modeled as a fiber-reinforced composite. In particular, the strain-energy function Ψ is decomposed into a volumetric part, an isotropic and an anisotropic part, see [5] ,
where the two given symmetric structure tensors A 1 and A 2 are constructed by the two main directions of the collagen fibers in the arterial wall β 1 , β 2 .
To model the non-collagenous, isotropic ground substance, mainly consisting of elastin, we use the classical Neo-Hookean model
where c > 0 is a stress-like material parameter, and I 1 = tr(C) is the first principal invariant of the right Cauchy-Green tensor C. In (2), Ψ aniso is associated with the anisotropic deformations arising from the collagen fibers.
Following [5] we describe the anisotropic response by using
where I 4 = C : A 1 , I 6 = C : A 2 , and the material parameters k 1 and k 2 are assumed to be positive. Note that all appearing constants can be fitted to an experimentally observed response of the arterial layers. It is worth to mention, that in this model the anisotropic response Ψ aniso only contributes in the cases I i > 1, i = 4, 6. This corresponds to a stretch in a fiber direction, and this is explained by the wavy structure of the collagen fibers. In particular, the collagen fibers are not able to support compressive stress. Moreover, the collagen fibers are not active at low pressure, and the material behaves isotropically in this case. In contrast, at high pressure the collagen fibers straighten and then they govern the resistance to stretch of the material. This behavior of biological tissues was observed in experiments and this is fully covered by the artery model as described above. The stiffening effect at higher pressure also motivates the use of the exponential function in the anisotropic response of the strain energy Ψ .
Note that similar models can also be used for the description of other biological materials, e.g., of the myocardium in the cardiac muscle [6] .
Finite Element Approximation
In this section we consider the variational formulation of the equilibrium equations (1) with Dirichlet boundary conditions
and n is the exterior normal vector of Γ = ∂Ω. In particular we have to find
is satisfied for all
By introducing an admissible decomposition of the computational domain Ω into tetrahedra and by using piecewise linear basis functions ϕ ℓ , the Galerkin finite element discretization of the variational formulation (5) results in a nonlinear system of algebraic equations, to find u h satisfying an approximate Dirichlet boundary condition u h = Q h g D on Γ D , and
For the solution of the nonlinear system (6), i.e. of G(u h ) := K(u h ) − F = 0, we apply Newton's method to obtain the recursion
or, by using the definition of G(·),
For the computation of the linearized stiffness matrix K ′ h (u k h ) we need to evaluate the derivative of the nonlinear material model as described in the previous section. For a detailed presentation how to compute K ′ h (u k h ) in this particular case we refer to [4] .
Finite Element Tearing and Interconnecting
For the parallel solution of (7) we will use the finite element tearing and interconnecting approach [3] , see also [7, 10] and references given therein.
For a bounded domain Ω ⊂ R 3 we introduce a non-overlapping domain decomposition
The local interfaces are given by Γ ij := Γ i ∩ Γ j for all i < j. The skeleton of the domain decomposition (8) is denoted as
Instead of the global problem (1) we now consider local subproblems to find the local restrictions u i = u |Ωi satisfying partial differential equations div (σ(u i )) + f (x) = 0 for x ∈ Ω i , the Dirichlet and Neumann boundary conditions
and the transmission conditions
where t i = σ(u i )n i is the local boundary stress, and n i is the exterior normal vector of the local subdomain boundary Γ i = ∂Ω i . Note that the local stress tensors σ(u i ) are defined locally by using the stress-strain function Ψ as introduced in Sect. 1, and by using localized parameters κ, k 1 , k 2 , c and fiber directions β 1 , β 2 . Hence, by reordering the degrees of freedom, the linearized system (7) can be written as
where the increments ∆u k i,I correspond to the local degrees of freedom within the subdomain Ω i , and ∆u k C is related to all global degrees of freedom on the coupling boundary Γ C . By introducing the tearing and by using discrete Lagrange multipliers, we finally have to solve the system
For the solution of the linear system (9) we follow the standard approach of tearing and interconnecting methods. In the case of a floating subdomain Ω i , i.e. Γ i ∩ Γ D = ∅, the local matrices K ′ i are not invertible. Hence we introduce the Moore-Penrose pseudo inverse K † i to represent the local solutions as
where v k,i ∈ ker K ′ i correspond to the rigid body motions of elasticity. Note that in this case we also require the solvability conditions
In the case of a non-floating subdomain, i.e. ker K i = ∅, we may set
As in [9] we may also consider an all-floating approach where also Dirichlet boundary conditions are incorporated by using discrete Lagrange multipliers.
In general, we consider the Schur complement system of (9) to obtain
which can be written as
with
For the solution of the linear system (11) we introduce the projection
and it remains to consider the projected system
which can be solved by using a parallel conjugate gardient method with suitable preconditioning. Note that the initial approximate solution λ 0 satisfies the compatibility condition G ⊤ λ 0 = e. In a post processing we finally recover
and subsequently the desired solution (10) .
Following [2] we are going to apply either the lumped preconditioner
or the Dirichlet preconditioner
where
) is the Schur complement of the local finite element matrix K ′ i . Alternatively, one may also used scaled hypersingular boundary integral operator preconditioner as proposed in [8] .
Numerical Results
In this section we present some examples to show the applicability of this approach for the simulation of biological tissues. First, we consider a strip of an artery layer as shown in Fig. 1 which is decomposed into 40 nonuniform subdomains. To describe the anisotropic and nonlinear material we use the material model (2) with the parameters κ = 20, c = 3.0, k 1 = 2.36, k 2 = 0.84, β 1 = (0, 0.875, 0.485) ⊤ , β 2 = (0, 0.875, −0.485) ⊤ . The global nonlinear finite element system with 1.437.285 degrees of freedom is solved by a Newton scheme, where the FETI approach is used in each Newton step. For this specific example the Newton scheme needed 9 iterations. Due to the non-uniformity of the subdomains the efficiency of a global preconditioner becomes more important. Without any preconditioner the global conjugate gradient method exceeded 1.000 iterations to reach a relative error reduction of 10 −8 . When using the simple lumped preconditioner (13), about 322 iterations were needed. This calculation lasted about 15 minutes per Newton step on a 32 processor cluster. We observed approximately the same amount of time but less iterations, i.e. 158, when using the Dirichlet preconditioner (14). This is mainly due to the needed calculation of the Schur complements with an involved matrix inversion. Next we consider two examples for more preconditioner iterations none > 1000 lumped, (13) 322 Dirichlet, (14) 158 realistic geometries, see Fig. 2 for a bunny heart with 1.720.854 degrees of freedom which is decomposed into 16 subdomains, and Fig. 3 for a artery bifurcation with 252.942 degrees of freedom and 15 subdomains. In both cases we used the Neo-Hookean material model (3) with κ = 9.17 and c = 4.23. 
